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We show that common circulatory diseases, such as stenoses and aneurysms, generate chaotic
advection of blood particles. This phenomenon has major consequences on the way the biochemical
particles behave. Chaotic advection leads to a peculiar ﬁlamentary particle distribution, which in turn
creates a favorable environment for particle reactions. Furthermore, we argue that the enhanced
stretching dynamics induced by chaos can lead to the activation of platelets, particles involved in the
thrombus formation. In particular, we vary the size of both stenoses and aneurysms, and model them
under resting and exercising conditions. We show that the ﬁlamentary particle distribution, governed
by the fractal skeleton, depends on the size of the vessel wall irregularity, and investigate how it varies
under resting or exercising conditions.
& 2011 Elsevier Ltd. Open access under the Elsevier OA license.1. Introduction
There is a growing recognition that mechanical properties of
ﬂows have great inﬂuence on the way biochemical particles are
activated [1]. For blood, it is believed that ﬂows affect particles
mainly by shear stress variations [2–6], and that these are easily
determined by the ﬂow velocity ﬁelds. Other mechanisms, how-
ever, have been mostly neglected. In this paper, we call attention to
the effects of chaotic dynamics on blood particle behavior. We show
that, under many circumstances, particle motion in blood is indeed
chaotic and point to the consequences of such phenomenon.
We focus on the chaos generated by two common circulatory
diseases, stenosis and aneurysms. Both of the anomalies are
associated to sudden geometry changes: while stenoses create
obstructions to ﬂows in blood vessels, aneurysms are localized
dilatations of the vessel walls. To be able to understand, and also
to control, the development of these diseases it is important to
decipher the precise mechanisms by which blood particles are
activated under abnormal blood ﬂow conditions.
We study such anomalies in the context of chaotic advection.
Recent progress in the ﬁeld of chaotic dynamics shows that even
simple and laminar ﬂows produce irregular particle motion [7–11].
Such mechanism has been proven to have major effects on active
particle dynamics. For instance, it is well known that chaotic advec-
tion leads to a peculiar distribution of particles. This distributionlsevier OA license.usually follows a ﬁlamentary pattern that provides a very long fractal
interface between different particle species, working thus as a
dynamical catalyst of activity. For a large variety of active ﬂows this
ﬁlamentary distribution has been shown to modify important che-
mical reactions [12–17], population dynamical equations [18], with
applications from atmospheric chemistry [19,20] to plankton popula-
tion dynamics [21] and evolution of life [22], for a review see [23].
Moreover, chaotic motion also creates an exponentially strong
separation of initially nearby particles, meaning that a strong stretch-
ing is present along particle orbits. This stretching may lead to the
activation of platelets, an effect that is stronger than the usually
assumed inﬂuence of shear stress imposed by the ﬂow velocity ﬁeld.
The main purpose of this paper is, therefore, to show, with
simple numerical ﬂow models, that chaotic advection affects the
traditional view of transport and activation in blood ﬂows. In this
context, we also discuss the importance of different processes in
blood vessels of various sizes and show examples of ﬁlamentary
patterns traced out by particles transported by blood ﬂow.
The paper is organized as follows. In the next section, chaotic
advection in ﬂuids is brieﬂy reviewed. The models used in our
simulations are introduced in Section 3. In Section 4 we show the
fractal spatial ﬁlamentary distribution of advected particles. Finally,
in Section 5, we discuss the results and summarize our conclusions.2. Chaotic advection
In nonstationary ﬂows, particle trajectories and streamlines
are typically different. In fact, particles carried by ﬂows can have
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vastly known that periodic and laminar ﬂows display chaotic
advection [7–10]. This chaotic motion can be generated through
different elements, such as an obstacle in a simple ﬂow [12], for
example. In the case of circulatory diseases, the perturbation is
related to the vessels geometry: an obstruction or local expansion
of the blood vessel wall. The other factor responsible for the
irregular dynamics is the time-dependence of the ﬂow. In blood,
this dependence is due to the cardiac cycle.
We consider here that the ﬂow in blood vessels falls into the
category of open ﬂows. In open ﬂows there is a region, called the
region of observation (or the mixing region), where all the interesting
particle dynamics happens [9,12,23,24]. It is there that the irregular
motion occurs: some particles will circulate around the diseased area
in an erratic and complicated motion for a long period of time, before
they are washed out downstream. Because this complicated particle
motion is limited both in space and time, such dynamics is known as
transient chaos. However, there is also a set of particle orbits that
never leave the region of observation. The space-phase points of these
orbits belong to the so-called chaotic saddle [9]. These orbits, periodic
and aperiodic, are exceptional, in the sense that they are unstable and
it is practically impossible for a particle to hit them. Still, the chaotic
saddle controls the dynamics of the advected particles.
The chaotic saddle is composed by the intersection of the stable
and the unstable manifolds [9,25,23,10]. The unstable manifold is
formed by the set of particle orbits along which particles can reach
the chaotic saddle backwards in time. It is particularly interesting in
ﬂows because one can physically visualize it. Let, for example, a
blob of particles enter the region of observation of an open ﬂow
(Fig. 1a). As a consequence of the sensitive dependence on the
initial conditions, the initially close particles will rapidly diverge
from each other. Hence, with time, this blob will suffer a stretching
and folding process (Fig. 1b) resulting in a long and ﬁlamentary
structure. Most of the particles leave the mixing region rapidly, but
those remaining trace out the ﬁlamentary structure of the unstable
manifold of the chaotic saddle (Fig. 1c).
The set of particle orbits along which particles can reach the
chaotic saddle forward in time is called the stable manifold.
Trajectories close to this set will spend a long time in the regionFig. 1. Illustration of the unstable manifold. The schematic diagram shows the time
evolution of a dye droplet that enters the region of observation (region inside the
dashed circle). With time, the droplet deforms, by stretching and folding processes,
and, after a long period, traces out the unstable manifold of the chaotic saddle.of observation. For blood particles, this means that certain
biochemically active particles close to the stable manifold will
have more time to react and to aggregate to the vessel wall and to
other trapped particles. In this paper, we shall focus on the
properties of the stable manifold of the chaotic saddle. For results
concerning the unstable manifold, see [26].
In the following, we introduce the numerical models that were
used to simulate the particle dynamics inside the diseased blood
vessels.3. Numerical model
As mentioned in Section 2, in our model, there are two main
elements that control the advection of particles: the perturbation
of the ﬂow (i.e., the shape of the vessel wall) and the time-
dependence related to the cardiac cycle. We take into account the
different stages of each disease (stenosis or aneurysm) by chan-
ging the size of the perturbation. For each perturbation, we
simulate the time-dependence in exercising and resting condi-
tions. In case of exercise, in the model we used increased heart-
beat frequency and inﬂow velocity as compared with these in
resting conditions. Also, under resting conditions, there is a
resting stage of the cardiac cycle with very low velocity of the
blood ﬂow, this stage is missing in case of exercise.
We use two-dimensional (2D) models to reproduce blood ﬂow
both in stenosed coronary arteries and in abdominal aortas with
aneurysm. The diameter of the modeled coronary arteries is
4 mm, in the stenosed segment the minimum diameter varies
between 1 and 3 mm (in three-dimensions, these would imply
93.75% and 43.75% occlusion, respectively). The length of the
disturbed segment is 1 cm. For the model of the aneurysm, the
normal diameter of the aorta is taken to be 2 cm. The maximum
diameter at the aneurysm is varied between 3 and 6 cm, while the
length of the dilated segment is 10 cm. Both for the stenosis and
for the aneurysm the shape is sinusoidal, a form widely used in
simulations and in experiments because of its simplicity [2].
To ﬁnd the trajectories of particles transported by the blood,
ﬁrst the velocity ﬁeld vðr,tÞ of the ﬂow has to be computed. This is
achieved by solving the Navier–Stokes equations with the avail-
able ﬁnite volume solver (Fluent), with a corresponding mesh
generator (Gambit). The length of the time step used throughout
the simulation is 0.001 s, ﬁne enough to give the same result as
that with smaller time steps. The mesh used is a structured
rectangular mesh, the number of elements eventually used for the
simulation changes between 111,000 and 140,000 for the various
geometries, and is reﬁned and smoothed close to the disturbed
segment. We consider the blood to be incompressible, Newtonian,
with a constant dynamic viscosity m¼ 0:04 g=cm s, and the
density of the blood is approximated to be r¼ 1:06 g=cm3 [27].
The motion of the passively advected particles is described by
the equation
dr
dt
¼ vðr,tÞ,
which means that the velocity of the particle is the same as that of
the ﬂuid in the position of the particle. The solution to this
equation for many particles was obtained using the fourth order
Runge–Kutta method with a small ﬁxed time step.
Besides the no-slip boundary condition on the rigid surface [29]
of the vessel wall, the time-dependent inlet velocity of the blood ﬂow
is speciﬁed both under resting and exercising conditions. For the
coronary artery, the model of the time-dependence of the inlet
velocity is shown in Fig. 2 during one heartbeat for both conditions
[28], those for the aorta are shown in Fig. 3 [29] (see also [26]). These
are idealized approximations of measured ﬂow rates, and they are
Fig. 2. Model of the inﬂow velocity in case of a coronary artery in resting (left) and in exercise (right) conditions during one heartbeat cycle. This velocity is used as an
inﬂow velocity boundary condition at the inﬂow, 10 cm upstream the stenosis, and as an outﬂow velocity boundary condition at the outﬂow, 10 cm downstream the
stenosis. Note the small backﬂow component in both cases.
Fig. 3. Model of the inﬂow velocity in case of an aorta in resting (left) and in exercise (right) conditions during one heartbeat cycle. This velocity is used as a velocity
boundary condition at the inﬂow, 100 cm upstream the aneurysm. The outﬂow is a simple outﬂow boundary condition, 100 cm downstream.
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region, the inﬂow velocity was taken to be constant across the cross
section, but the expected velocity proﬁle was checked to develop
close to the inlet of the disturbance. The developed ﬂow in the
straight segment can be characterised by the Reynolds number
Re¼ rv2R=m, where v is the mean velocity and R is the radius of
the vessel. For the artery, we ﬁnd Re 20 (with peak value Re 70)
in resting, and Re 105 (with peak value Re 200) in exercise. For
the aorta we ﬁnd Re 530 (with peak value Re 950) in resting, and
Re 1600 (with peak value Re 2200) in exercise (this latter is close
to the turbulent threshold of around 2300).Fig. 4. Two sample particle orbits with slightly different initial position in an
artery with large stenosis, under resting conditions. Only the upper half of the
blood vessel segment is shown, the whole segment is symmetric to the
y¼0.2 cm line.4. Results
Two sample particle orbits with slightly different initial posi-
tions are shown in Fig. 4. The two particles move along each other
until they penetrate the stenosed segment, after that they deviate
from each other, and follow quite different orbits. The sensitive
dependence of the trajectories on the initial conditions is a unique
feature of chaos, and was found to be typical in our simulations.
By following several particles transported by the ﬂow, it is
possible to measure the time they spend in the region of
observation. The initial locations of the particles that spend a
very long time in the region of observation trace out the stable
manifold of the chaotic saddle [23,25]. To ﬁnd numerically the
stable manifold, we inject particles into the ﬂow on a rectangular
grid covering the region of observation. Then the initial position of
those particles that stay for a long time before being transported
downstream are plotted. In Fig. 5 snapshots of the stable manifoldare shown for the stenosed coronary arteries of different size in
resting and exercise conditions. The snapshots are taken during
diastole. The comparison of the stable manifolds in resting and
exercise conditions shows that the initial location of particles
getting trapped in the region of observation, is more detached
from the vessel wall in case of exercise. In case of resting, the
majority of particles that stay for a long time in the region of
Fig. 5. Snapshots of the stable manifold for stenosed coronary arteries. The three rows correspond to small, medium and large stenoses, the left column is for resting, the
right column is for exercise condition. The scales on the vertical and horizontal axes are different for better visualization of the ﬁlaments. Flow is from left to right. Except
for the large stenosis in exercise, only the upper half of the blood vessel segment is shown, the whole segment is symmetric to the y¼0.2 cm line.
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compact stripe, except in the case of a severely stenosed artery,
see Fig. 5. Also, by increasing the size of the stenosis (from top to
bottom in Fig. 5), the ﬁlamentary structure becomes more
evident: the particles that get trapped in the region of observation
are not initialized at the vessel wall, but are distributed along
ﬁlamentary fractal structures.
Similar observations can be made in case of aneurysms. In Fig. 6
the snapshots of the stable manifold are shown for aneurysms of
different sizes and conditions. The ﬁlamentarity of the initial positions
of particles that are going to spend a long time in the vessel wall
dilation increases as the size of the aneurysm increases (from top to
bottom) and as we use exercise conditions instead of resting condi-
tions. In case of resting, large compact areas of long residence time
are visible inside the vessel wall dilation. These break up and give
way to the formation of more fractal ﬁlamentary structures in case of
exercising. The presence of fractality is associated with a severe
stretching, leading to the enhanced activation of platelets.5. Conclusion
In summary, blood particles are affected by nonlinear dynamics
in the following way. First, the particles close to the stable manifold
are trapped in the vicinity of the diseased region for long periods of
time. Once there, they have more time to activate, this fact is also
facilitated by the strong stretching and folding dynamics. Before
leaving the diseased region, these particles are distributed along
ﬁlamentary structures, tracing out the unstable manifold. This
pattern provides an efﬁcient environment for particle–particle
reaction, that, in turn, also increases the probability of particle
aggregation to the vessel wall and also to other blood particles.
Therefore, chaotic advection contributes to the further development
of circulatory diseases through different mechanisms.
Finally, we stress that a more complete model should include
other important elements, such as heartbeat variation and also
ﬁnite-size particle effects. Nonetheless, the most important fact,
namely, the presence of chaotic advection in blood ﬂows should
Fig. 6. Snapshots of the stable manifold for aorta arteries with aneurysms. The three rows correspond to small, medium and large aneurysms, the left column is for resting,
the right column is for exercise condition. The scales on the vertical and horizontal axes are different for better visualization of the ﬁlaments. Flow is from left to right. Only
the upper half of the blood vessel segment is shown, the whole segment is symmetric to the y¼1 cm line.
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biochemical particle behavior.Conﬂict of interest statement
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